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Jordan Derivations of Special Subrings of
Matrix Rings
Umut Sayın and Feride Kuzucuog˘lu
Abstract
Let K be a 2-torsion free ring with identity and Rn(K, J) be the
ring of all n × n matrices over K such that the entries on and above
the main diagonal are elements of an ideal J of K. We describe all
Jordan derivations of the matrix ring Rn(K, J) in this paper. The
main result states that every Jordan derivation ∆ of Rn(K, J) is of the
form ∆ = D + Ω where D is a derivation of Rn(K, J) and Ω is an
extremal Jordan derivation of Rn(K, J).
1. Introduction
Let K be an associative ring with identity and let Mn(K) be the
ring of all n × n matrices over K. Jordan multiplication is defined by
x ◦ y = xy+ yx for any x, y ∈Mn(K). If an additive map ∆ of Mn(K)
satisfies ∆(x◦y) = ∆(x)◦y+x◦∆(y) = ∆(x)y+y∆(x)+x∆(y)+∆(y)x
for all x, y ∈ Mn(K) , then ∆ is called a Jordan derivation of Mn(K).
Derivations of the ringMn(K) give trivial Jordan derivations. However,
there are proper Jordan derivations which are not ring derivations for
some matrix rings (see [3], [6], [8]).
In 1957, Herstein ([4]) proved that every Jordan derivation of a
prime ring of characteristic not 2 is a derivation. This result was ex-
tended for semi-prime rings (see [2]) and for certain triangular matrix
algebras and rings with nonzero nilpotent ideals (see [1], [11], [12]).
Let NTn(K) be the ring of all n × n matrices over K which are
all zeros on and above the main diagonal. Derivations and Jordan
derivations of the nilpotent ring NTn(K) were described in [10] and
[8].
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Let Mn(J) be the ring of all n × n matrices over an ideal J of K
and R = Rn(K, J) = NTn(K) +Mn(J). All derivations of the matrix
ring Rn(K, J) were studied in [9].
Let ei,j denote the matrix with 1 in the position (i, j) and 0 in every
other position. The ring Rn(K, J) is generated by the sets Kei+1,i
(i = 1, 2, ..., n− 1) and Je1,n.
The set of ideals I = {Ii,j : 1 ≤ i, j ≤ n} of the ring K are called
carpet if IijIjk ⊆ Iik for any i, j, k (see [5]). By using carpet ideals,
we can easily compute powers of the ring R. For any matrix [xi,j] of
the ring R = Rn(K, J), the (i,j) entry xi,j is an element of Ii,j where
Ii,j = K for i > j and Ii,j = J for i ≤ j.
Let AnnKJ = {x ∈ K| xJ = Jx = 0}. Then AnnR = (AnnKJ)en,1
(see [7]). In this paper we determine the structure of Jordan derivations
on R = Rn(K, J).
2. Construction of Standard Jordan Derivations of R
(A1) Choose arbitrary additive group homomorphisms α, β, γ : J →
AnnKJ satisfying α(J
2) = 0, β(J2) = 0 , γ(J2) = 0. Consider the
following map of the set of all elementary matrices
ye1,n → α(y)en−1,1 + β(y)en−1,2 + γ(y)en,2
ye1,n−1 → α(y)en,1 + β(y)en,2
ye2,n−1 → β(y)en,1
ye2,n → β(y)en−1,1 + γ(y)en,1 , yǫJ

 (1)
We assume that images of the remaining elementary matrices from
R are zeros.
If map (1) determines a Jordan derivation of the ring R, then the
relations ye1,n ◦ xen,n−1 = yxe1,n−1, xe2,1 ◦ ye1,n−1 = xye2,n−1, xe2,1 ◦
ye1,n = xye2,n give
α(yx) = xα(y)
β(yx) = xβ(y)
β(xy) = β(y)x
γ(xy) = γ(y)x

 (2)
for all yǫJ and xǫK. One can easily check that if α, β, γ satisfy (2),
then (1) determines a proper Jordan derivation of the ring R but not
a derivation unless α, β, γ are all zero maps. This Jordan derivation is
called an ’extremal Jordan derivation’.
Example: Let K1 be a commutative ring with identity and let J1
be an ideal of K1 which is nilpotent of class two. Let K be a direct
product (K1, K1) of two copies of the ring K1 and let J = (J1, J1) be
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an ideal of K. Then the maps
α : J → AnnKJ
: (a, b)→ (a, 0)
β : J → AnnKJ
: (a, b)→ (0, b)
γ : J → AnnKJ
: (a, b)→ (a, b)
satisfy all the conditions of (2). Moreover, α(J2) = β(J2) = γ(J2) = 0.
(A2) For arbitrary additive group homomorphisms α1, α2 : J →
AnnKJ satisfying α1(J
2) = 0, α2(J
2) = 0, the following map of the
set R3(K, J) determines a Jordan derivation of R3(K, J) under the
conditions α1(xy) = α1(y)x, α2(yx) = xα2(y) for xǫK and yǫJ. We
assume that images of the elementary matrices except ye1,3, ye1,2 and
ye2,3 are zeros.
ye1,3 → α1(y)e3,2 + α2(y)e2,1
ye1,2 → α2(y)e3,1
ye2,3 → α1(y)e3,1
(A3) If δi : J → J, βi : J → K, θ : J → K and γ : J → K (i =
1, 2, 3) are additive mappings satisfying δ2(J
2) = 0, β2(J) ⊆ AnnKJ,
δ1(yz) = zβ1(y) + yδ1(z) + δ1(z)y, yβ3(z) = δ1(yz), δ1(yz) = yθ(z),
δ2(y)z + zδ2(y) = 0, zγ(y) + θ(z)y = 0, δ3(yz) = β1(y)z, δ3(yz) =
δ3(y)z + zδ3(y) + β3(z)y, γ(y)z = δ3(yz), zδ1(y) + δ3(y)z = β1(yz) +
β3(yz), γ(y)x = β1(yx)+β2(xy), β1(yz+zy) = β1(y)z+β1(z)y, zβ1(y)+
β3(z)y = 0, xθ(y) = β2(yx) + β3(xy), θ(yz) = yθ(z) + zβ2(y), θ(y)z +
yβ1(z) = 0, θ(xy) = xδ1(y)+δ2(y)x, θ(yz) = yβ3(z), zγ(y)+β3(z)y = 0,
γ(yz) = β1(y)z, γ(yz) = γ(y)z, δ3(y)x + xδ2(y) = γ(yx), zγ(y) +
δ1(z)y + yδ2(z) = 0, δ1(y)z + zδ3(y) + δ1(z)y + yδ3(z) = 0, δ2(y)z +
zδ3(y) + θ(z)y = 0, then the following map is a Jordan derivation of
R3(K, J) where xǫK, y, zǫJ. We assume that images of the elementary
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matrices except ye1,3, ye1,2, ye2,3 and yei,i (i = 1, 2, 3) are zeros.
ye1,3 →
3∑
i=1
δi(y)ei,i
yei,i → βi(y)e3,1
ye2,3 → θ(y)e2,1
ye1,2 → γ(y)e3,2
We now describe Jordan derivations which are also derivations of
the ring R defined in [9].
(B1) Inner Derivations: Let AǫR. Then the derivation of R given
by X → AX − XA, X = [xi,j ]ǫR is called ’inner derivation’ induced
by the matrix A.
(B2) Diagonal Derivations: Let D =
n∑
i=1
diei,i (diǫK). Then the
derivation of R given by X → DX − XD, X = [xi,j ]ǫR is called
’diagonal derivation’ induced by the matrix D.
(B3) Annihilator Derivations: An arbitrary ’annihilator derivation’
of the ring R is of the form
[ai,j ]→
[
ςn(a1,n) +
n−1∑
i=1
ςi(ai+1,i)
]
en,1 (3)
where ςn : J → AnnKJ, ςn(J
2) = 0 and ςi : K → AnnK(J), ςi(J) = 0
are additive maps for i = 1, 2, ..., n− 1.
(B4) Ring Derivations: If π is a derivation of the coefficient ring K
and the restriction of π over the ideal J is also a derivation of J, then
π induces a derivation of the ring R by the rule
π¯(A) =
n∑
i,j=1
π(ai,j)ei,j , A = [ai,j]ǫR
(B5) Almost Annihilator derivation: If additive maps α, β:J → J,
γ : J → K satisfy the relations α(xy) = xα(y), β(yx) = β(y)x,
γ(y)z = yγ(z) = γ(yz) = 0 and α(y)z + yβ(z) = 0, then the following
map of the set R
ye1,n → α(y)e1,1 + β(y)en,n + γ(y)en,1
yei,n → α(y)ei,1 , 1 < i ≤ n
ye1,j → β(y)en,j , 1 ≤ j < n
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determines a derivation of the ring R called ’almost annihilator’ deriva-
tion.
3. Jordan Derivations of Rn(K, J)
Throughout this section, K will be a 2-torsion free ring with iden-
tity.
Theorem 3.1. Let K be a 2-torsion free ring with identity, J be
an ideal of K and R = Rn(K, J). If n ≥ 4 then every Jordan derivation
of R is of the form ∆ = D+Ω where D is a derivation of Rn(K, J) and
Ω is an extremal Jordan derivation of Rn(K, J). Moreover, D is the
sum of certain diagonal, inner, annihilator, ring and almost annihilator
derivations.
For an arbitrary Jordan derivation ∆ of the ring R, we write the im-
age of an element xi,jei,j (1 ≤ i, j ≤ n, xi,jǫIi,j) of the form ∆(xi,jei,j) =
n∑
s,t=1
∆i,js,t(xi,j)es,t where ∆
i,j
s,t are additive mappings from Ii,j to Is,t .
Lemma 3.2. Let ∆ be an arbitrary Jordan derivation of R for
n ≥ 4. Then for 1 < i < n− 1 and xǫK, yǫJ
∆(xei+1,i) =
∑
∆i+1,ii+1,t(x)ei+1,t+
∑
s 6=i+1
∆i+1,is,i (x)es,i+∆
i+1,i
n,1 (x)en,1 (4)
and
∆(ye1,n) =
∑
∆1,n1,t (y)e1,t +
∑
s 6=1
∆1,ns,n(y)es,n +∆
1,n
n−1,1(y)en−1,1
+∆1,nn−1,2(y)en−1,2 +∆
1,n
n,1(y)en,1 +∆
1,n
n,2(y)en,2 (5)
Proof Let us fix i, j and choose k,m such that k > m. If k 6= j and
m 6= i then xi,jei,j ◦ yk,mek,m = 0. By differentiating xi,jei,j ◦ yk,mek,m =
0, we get
0 = ∆(xi,jei,j) ◦ yk,mek,m + xi,jei,j ◦∆(yk,mek,m)
= ∆(xi,jei,j)yk,mek,m + yk,mek,m∆(xi,jei,j) + xi,jei,j∆(yk,mek,m)
+∆(yk,mek,m)xi,jei,j
=
∑
s
∆i,js,k(xi,j)yk,mes,m +
∑
t
yk,m∆
i,j
m,t(xi,j)ek,t
+
∑
t
xi,j∆
k,m
j,t (yk,m)ei,t +
∑
s
∆k,ms,i (yk,m)xi,jes,j
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Putting yk,m = 1, the matrix on the right has zeros except i−th , k−th
rows and j−th ,m−th columns. Hence ∆i,js,k = 0 form 6= j, s 6= i, s 6= k
and ∆i,jm,t = 0 for i 6= k, t 6= m, t 6= j. On the other hand, for k > s > m
and k 6= i, j , s 6= i, j ,m 6= i, j , the (k,m), (s,m) and (k,s) coefficients of
the equations ∆(xi,jei,j ◦ek,m) = 0, ∆(xi,jei,j ◦es,m) = 0 and ∆(xi,jei,j ◦
ek,s) = 0 are ∆
i,j
k,k(xi,j) +∆
i,j
m,m(xi,j) = 0...(∗), ∆
i,j
s,s(xi,j) +∆
i,j
m,m(xi,j) =
0...(∗∗) and ∆i,jk,k(xi,j)+∆
i,j
s,s(xi,j) = 0...(∗∗∗), respectively. Comparing
(∗), (∗∗) and (∗ ∗ ∗), we get ∆i,jk,k(xi,j) = ∆
i,j
s,s(xi,j) = ∆
i,j
m,m(xi,j). By
using (∗ ∗ ∗), 2∆i,jk,k(xi,j) = 2∆
i,j
s,s(xi,j) = 0 = 2∆
i,j
m,m(xi,j). Since K is
2-torsion free, ∆i,jk,k(xi,j) = ∆
i,j
s,s(xi,j) = ∆
i,j
m,m(xi,j) = 0. Therefore, the
image of xei+1,i (xǫK) under ∆ is the matrix with zeros outside i+1−th
row, i−th column and (n, 1) position. For 1 < i < n−1, ∆(xei+1,i) has
the form (4). In particular, ∆(xe2,1) =
∑
∆2,12,t (x)e2,t+
∑
s 6=2
∆2,1s,1(x)es,1+
∆2,1n,2(x)en,2+∆
2,1
n,3(x)en,3 for i = 1 and ∆(xen,n−1) =
∑
∆n,n−1n,t (x)en,t+∑
s 6=n
∆n,n−1s,n−1 (x)es,n−1 + ∆
n,n−1
n−1,1 (x)en−1,1 + ∆
n,n−1
n−2,1(x)en−2,1 for i = n − 1.
By the same relation ∆1,nn−1,1(y) 6= 0 since k 6= n, k 6= 1, m 6= n− 1 and
∆1,nn−1,2(y) 6= 0 as m 6= n−1, k 6= 2 for yǫJ . Similarly, ∆
1,n
n,1(y) 6= 0 since
k 6= 1, m 6= n and ∆1,nn,2(y) 6= 0 as m 6= n, k 6= 2 for yǫJ . Thus we get
(5).
Lemma 3.3. Let ∆ : R → R be a Jordan derivation. Then there
exists a diagonal derivation D of R such that (i+ 1, i)− th coefficient
of the matrix (∆−D) (ei+1,i) is equal to zero for all i.
Proof Let D =
n∑
i=1
diei,i where d1 = 0, di+1 =
i∑
k=1
ak and ak =
∆k+1,kk+1,k(1). Then there exists a diagonal derivation D : X → DX−XD
by the diagonal matrix D such that D(ei+1,i) = Dei+1,i − ei+1,iD =
∆i+1,ii+1,i(1)ei+1,i . Since (i+1, i)− th coefficient of the matrix ∆ is equal
to ∆i+1,ii+1,i(1), the proof is completed.
Lemma 3.4. Let ∆ : R → R be a Jordan derivation such that
(i+ 1, i) − th coefficient of matrices ∆(ei+1,i) are zero for all 1 ≤
i < n. Then there exists an inner derivation I such that each matrix
(∆− I) (ei+1,i) has zero i− th column and (i+ 1, 1) entries.
Proof Define a matrix A = [Ai,j ] such that Au,u = 0 (1 ≤ u ≤ n),
Au,i+1 = ∆
i+1,i
u,i (1) (u 6= i+1, i 6= n) and Aj,1 = 0 (1 ≤ j ≤ n). Consider
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the action of IA on the matrices ei+1,i . Then IA(ei+1,i) = Aei+1,i −
ei+1,iA =
n∑
k=1
k 6=i+1
∆i+1,ik,i (1)ek,i +
n−1∑
m=1
m6=i−1
−∆m+1,mi,m (1)ei+1,m+1 . Therefore,
i-th column of each matrix (∆−IA)(ei+1,i) is equal to zero. Now define
a matrix B = [Bi,j] such that B = −b3e2,1− b4e3,1− ...− bnen−1,1 where
bi+1 = ∆
i+1,i
i+1,1(1) (1 < i < n). Denote by IB the inner derivation induced
by the matrix B. It can be easily seen that IB(ei+1,i) = Bei+1,i −
ei+1,iB = ∆
i+1,i
i+1,1(1)ei+1,1 (i = 2, ..., n − 1). Hence i-th columns and
(i+1,1) entries of the matrices (∆−I)(ei+1,i) are zeros with I = IA+IB.
Lemma 3.5. Let ∆ : R → R be a Jordan derivation such that
i − th columns and (i + 1, 1) entries of the matrices ∆(ei+1,i) are all
zeros. Then the following equalities are obtained for xk,mǫIk,m, xǫK
and yǫJ ;
∆(e2,1) = 0 (1)
∆(en,n−1) = 0 (2)
∆(ei+1,i) = ∆
i+1,i
n,1 (1)en,1 , 1 < i < n− 1 (3)
∆(ei,j) = 0 , i− j > 1 (4)
∆(xei,1) = ∆
i,1
i,1(x)ei,1 +∆
i,1
n,1(x)en,1 , 1 < i < n (5)
∆(xn,jen,j) = ∆
n,j
n,1(xn,j)en,1 +∆
n,j
n,j(xn,j)en,j (6)
∆(ye1,i) = ∆
1,i
1,1(y)e1,1 +∆
1,i
1,2(y)e1,2
+∆1,i
1,i(y)e1,i +∆
1,i
n,1(y)en,1
+∆1,in,2(y)en,2 +∆
1,i
n,i(y)en,i , i 6= 1, n (7)
∆(yei,n) = ∆
i,n
i,1 (y)ei,1 +∆
i,n
n−1,1(y)en−1,1
+∆i,nn,1(y)en,1 +∆
i,n
i,n(y)ei,n
+∆i,nn−1,n(y)en−1,n +∆
i,n
n,n(y)en,n (8)
∆(ye1,n) = ∆
1,n
1,1 (y)e1,1 +∆
1,n
1,2 (y)e1,2 +∆
1,n
1,n(y)e1,n
+∆1,nn−1,1(y)en−1,1 +∆
1,n
n−1,2(y)en−1,2 +∆
1,n
n−1,n(y)en−1,n
+∆1,nn,1(y)en,1 +∆
1,n
n,2(y)en,2 +∆
1,n
n,n(y)en,n (9)
∆(xi,jei,j) = ∆
i,j
i,1(xi,j)ei,1 +∆
i,j
i,j(xi,j)ei,j
+∆i,jn,1(xi,j)en,1 +∆
i,j
n,j(xi,j)en,j , 1 < i, j < n (10)
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Proof The Equations (1)-(10) can easily be obtained by the rela-
tions below when K is 2-torsion free;
∆ (ei+1,i ◦ ei+1,i) = 0,
∆(ei+1,i ◦ ej+1,j) = 0 (i 6= j − 1, i 6= j, i 6= j + 1),
∆(ei+1,i ◦ ei+2,i) = 0,
∆(ei+1,i ◦ ei+1,i) = 0, ∆(en,n−1 ◦ en,n−1) = 0,
∆(en,n−1 ◦ en−1,n−2) = ∆(en,n−2), ∆(en,n−1 ◦ en,n−2) = 0,
∆(e2,1 ◦ e2,1) = 0, ∆(e2,1 ◦ e3,1) = 0, ∆(e3,2 ◦ e2,1) = e3,1,
∆(xi,1ei,1 ◦ ek,m) = 0 (1 < i < n,m 6= i, k > m),
∆(xn,ien,i ◦ ek,m) = 0 (i 6= 1),
∆(y1,ie1,i ◦ ek,m) = 0 (k 6= i,m 6= 1, i 6= n),
∆(yi,nei,n ◦ ek,m) = 0 (i 6= 1, i 6= n, k 6= n,m 6= i),
∆(y1,ne1,n ◦ ek,m) = 0 (k 6= n,m 6= 1),
∆(xi,jei,j ◦ ek,m) = 0 (1 < i, j < n).
Lemma 3.6. Let ∆ be a Jordan derivation of R satisfying the
conditions (1)-(10) in Lemma 3.5. Then there exists an annihilator
derivation Υ such that (∆−Υ)(ei+1,i) is equal to zero for all i .
Proof Let xǫK, y, zǫJ be arbitrary elements. For i 6= 1, n , ∆(en,i ◦
ye1,n) = ∆(ye1,i). This implies that ∆
1,i
1,1 = 0 . If we combine ∆(en,1 ◦
ye1,n−1) = ∆(yen,n−1) and en,1 ◦ ∆(ye1,n−1) = ∆(yen,n−1) , we obtain
∆1,n−111 (y) = ∆
n,n−1
n,1 (y) = 0 . Let us say ςi = ∆
i+1,i
n,1 . Then ςn−1(J) = 0.
If k > 2 , ∆(e2,1 ◦ ye1,k) = ∆(ye2,k) follows that ∆
2,k
n,k = 0. Again
for k > 2 , ∆(ye2,k ◦ ek,1) = ∆(ye2,1) and ∆(ye2,k) ◦ ek,1 = ∆(ye2,1)
implies that ∆2,kn,k(y) = ∆
2,1
n,1(y) = 0 = ς1(y). For i 6= 1, n − 1 ,
∆(en,i ◦ yei+1,n) = ∆(yei+1,i) and en,i ◦ ∆(yei+1,n) = ∆(yei+1,i) fol-
lows ∆i+1,ni,1 (y) = ∆
i+1,i
n,1 (y) = 0 = ςi(y). So ςi(J) is zero (i < n). For
2 ≤ i ≤ n − 2 , we get ςi = ∆
i+1,i
n,1 : K → AnnKJ by using the re-
lations ∆(xei+1,i ◦ ye1,k) = 0 (k 6= i + 1, n) and ∆(xei+1,i ◦ yek,n) =
0 (k 6= 1, i) . By ∆(xe2,1 ◦ yen−1,n) = 0 and ∆(xe2,1 ◦ ye1,k) =
∆(xye2,k) (k 6= 2, n), we have y∆
2,1
n,1(x) = 0 , ∆
2,1
n,1(x)y = 0 and
ς1 = ∆
2,1
n,1 : K → AnnKJ . Similarly, by ∆(xen,n−1 ◦ ye1,2) = 0
and ∆(xen,n−1 ◦ ye1,n) = ∆(yxe1,n−1) we obtain ∆
n,n−1
n,1 (x)y = 0 ,
y∆n,n−1n,1 (x) = 0 and ςn−1 = ∆
n,n−1
n,1 : K → AnnKJ . Now consider
the product ∆(ye1,k ◦ zek,n) = ∆(yze1,n). Hence ∆
1,n
n,1(yz) = 0. Say
ςn = ∆
1,n
n,1 , then ςn(J
2) = 0. By ∆(ye1,1 ◦ ze1,n) = ∆(yze1,n) and
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∆(ye1,n ◦ zen,n) = ∆(yze1,n) , we have 0 = ∆
1,n
n,1(z)y = z∆
1,n
n,1(y) and
ςn : J → AnnKJ . Thus Υ : [xi,j] →
(
ςn(x1,n) +
n−1∑
i=1
ςi(xi+1,i)
)
en,1
is an annihilator derivation and (∆ − Υ)(ei+1,i) = 0 for all i. Say
Θ = ∆ − Υ. Hence (n,1)-coefficients of Θ(xei+1,i) and Θ(ye1,n) are
equal to zero.
Lemma 3.7. Let Θ = ∆−Υ be a Jordan derivation of the ring R
as in Lemma 3.6. Then there exists a ring derivation θ¯ of R such that
(i, j) coefficient of Θ(xi,jei,j) is equal to zero.
Proof Let x, x1, x2ǫK and yǫJ be arbitrary elements. By using the
relation x1ei,j ◦ x2ej,k = x1x2ei,k for i > j > k we have Θ
i,j
i,j(x1)x2 +
x1Θ
i,j
i,j(x2) = Θ
i,j
i,j(x1x2). If we say Θ
i,j
i,j = θ , θ is a ring derivation of K.
Similarly, Θi,ji,j(y) = Θ
i,i−1
i,i−1(y) by yei,j ◦ ej,i−1 = yei,i−1 for i ≤ j. This
implies that θ is a derivation of J as well. So θ¯ : [xi,j ] →
∑
i,j
θ(xi,j)ei,j
is a ring derivation of R.
Let us say Ξ = Θ − θ¯. Thus (i,j)-coefficients of the matrices
Ξ(xi,jei,j) are equal to zero.
Lemma 3.8. Let Ξ be a Jordan derivation of R as in Lemma
3.7. Then Ξ(xei,j) = 0 for all i > j , Ξ(yei,i) = Ξ
i,i
n,1(y)en,1 for all i,
Ξ(ye1,j) = Ξ
1,j
n,j(y)en,j for 1 < j < n − 1 , Ξ(yei,n) = Ξ
i,n
i,1(y)ei,1 for
i 6= 1, 2 where xǫK, yǫJ are arbitrary elements.
Proof Let x, x1, x2ǫK and yǫJ be arbitrary elements. For 1 < i <
n, by combining Ξ(x1ei+1,i◦x2ei,i−1) = Ξ(x1x2ei+1,i−1) and Ξ(x1ei+1,i)◦
x2ei,i−1+x1ei+1,iΞ(x2ei,i−1) = Ξ(x1x2ei+1,i−1) it can be easily seen that
Ξi+1,i−1n,i−1 = 0 = Ξ
i+1,i−1
i+1,1 . Then Ξ(x1x2ei+1,i−1) = 0 . By using Ξ(x1ei+1,i◦
x2ei,i−1) = Ξ(x1x2ei+1,i−1) = 0 , we get Ξ
i+1,i
n,i = 0, Ξ
i,i−1
i,1 = 0. Thus
Ξ(xei,j) = 0 for i > j. To obtain Ξ(yei,i) = Ξ
i,i
n,1(y)en,1 , we use the
following relations; Ξ(xei+2,i+1 ◦ yei+1,i+1) = Ξ(xyei+2,i+1) = 0 (1 ≤
i < n− 1), Ξ(xe2,1 ◦ ye1,1) = Ξ(xye2,1) = 0 and Ξ(xei+1,i ◦ yei+1,i+1) =
Ξ(yxei+1,i) = 0 (1 ≤ i < n). By Ξ(xei,1 ◦ ye1,j) = Ξ(xyei,j) = 0 for
i > j and Ξ(xen,j ◦ ye1,n) = Ξ(yxe1,j) for 1 < j < n − 1 , we have
Ξ(ye1,j) = Ξ
1,j
n,j(y)en,j for 1 < j < n − 1. Finally by Ξ(xei,1 ◦ ye1,n) =
Ξ(xyei,n) for 1 < i < n we have Ξ(yei,n) = Ξ
i,n
i,1 (y)ei,1.
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Lemma 3.9. Let Ξ be a Jordan derivation of R as in Lemma 3.8.
Then there exists an almost annihilator derivation Γ of R such that
Ξ−Γ is an extremal Jordan derivation of R which is defined in Section
2.
Proof Let α¯ = Ξ1,n1,1 , β¯ = Ξ
1,n
n,n, xǫK and y, zǫJ . By using the
corresponding appropriate relations and considering K as 2-torsion free,
the additive map Γ on R defined by Γ(ye1,n) = α¯(y)e1,1 + β¯(y)en,n ,
Γ(yei,n) = α¯(y)ei,1 (1 < i ≤ n), Γ(ye1,j) = β¯(y)en,j (1 ≤ j < n),
Γ(xi,jei,j) = 0 (1 < i and j < n) is obviously an almost annihilator
derivation of R.
Consider the relations Ξ(xen−1,j ◦ ye1,n−1) = Ξ(yxe1,j) for 1 < j <
n − 1 and Ξ(xei,1 ◦ ye1,j) = Ξ(xyei,j), Ξ(ye1,j) ◦ xei,1 = Ξ(xyei,j) for
1 < i < j < n where (i, j) 6= (2, n− 1), then we obtain Ξ(ye1,j) = 0 for
j 6= n, n− 1 and Ξ(yei,j) = 0 for 1 < i < j < n respectively.
Finally, if we say Π = Ξ − Γ then Π(ye1,n) = Π
1,n
n−1,1(y)en−1,1 +
Π1,nn−1,2(y)en−1,2+Π
1,n
n,2(y)en,2 , Π(ye1,n−1) = Π
1,n−1
n,1 (y)en,1+Π
1,n−1
n,2 (y)en,2,
Π(ye2,n−1) = Π
2,n−1
n,1 (y)en,1 , Π(ye2,n) = Π
2,n
n−1,1(y)en−1,1 + Π
2,n
n,1(y)en,1
and Π(xi,jei,j) = 0 for (i, j) 6= (1, n), (2, n), (1, n − 1), (2, n − 1). By
using relations ye1,n ◦ xen,n−1 = yxe1,n−1 , xe2,1 ◦ ye1,n−1 = xye2,n−1 ,
xe2,1 ◦ ye1,n = xye2,n , we get α = Π
1,n
n−1,1 = Π
1,n−1
n,1 , β = Π
1,n
n−1,2 =
Π1,n−1n,2 = Π
2,n−1
n,1 = Π
2,n
n−1,1 , γ = Π
1,n
n,2 = Π
2,n
n,1 and α(yx) = xα(y),
β(yx) = xβ(y), β(xy) = β(y)x, γ(xy) = γ(y)x. Then for n > 4, the
relations 0 = Π(ye1,3 ◦ ze3,n) = Π(yze1,n), 0 = Π(yze1,n) = Π(ye1,n−1 ◦
zen−1,n) = Π(ye1,1 ◦ ze1,n), 0 = Π(yze1,n) = Π(ye1,2 ◦ ze2,n) = Π(ye1,n ◦
zen−1,n−1) and 0 = Π(ye1,n ◦ ze3,n) gives all conditions of extremal
Jordan derivation defined in A1.
If n = 4 , we use the following relations to show all conditions of
extremal Jordan derivation of R4(K, J) are satisfied;
By ye1,3 ◦ ze3,4 = yze1,4 , ye1,2 ◦ ze2,4 = yze1,4 , ye1,1 ◦ ze1,4 = yze1,4
we get α(J2) = 0, β(J2) = 0, γ(J2), respectively and by ye1,1 ◦ ze1,4 =
ye1,2 ◦ ze2,4 = ye1,3 ◦ ze3,4 = yze1,4 , ye1,4 ◦ ze3,4 = 0 .
Now Theorem 3.1 follows easily by the Lemmas 3.2 - 3.9.
For n=3, after applying Lemmas 3.2-3.7, it is obtained that Ξ is
equal to the sum of the Jordan derivations A2 and A3 described in
Section 2.
JORDAN DERIVATIONS OF SPECIAL SUBRINGS OF MATRIX RINGS 11
References
[1] D. Benkovicˇ, Jordan derivations and antiderivations on triangular matrices,
Linear Algebra Appl. 397 (2005) 235-244.
[2] M. Bresˇar, Jordan mappings of semiprime rings , J. Algebra 120 (1) (1989)
218-228.
[3] N.M. Ghosseiri, Jordan derivations of some classes of matrix rings, Taiwanese
J. Math. 11 (1) (2007) 51-62.
[4] I.N. Herstein, Jordan Derivations of prime rings, Proc. Amer. Math. Soc. 8 (6)
(1957) 1104-1110.
[5] M.I. Kargapolov, Ju.I. Merzljakov, Fundamentals of the theory of groups,
Springer-Verlag, New York, Heidelberk, Berlin, 1979.
[6] S.G. Kolesnikov, N.V. Mal’tsev, Derivations of a matrix ring containing a
subring of triangular matrices, (Russian) Izv. Vyssh. Uchebn, Zaved. Mat. 11
(2011) 23-33; translation in Russian Math (Iz. VUZ) 55(11) (2011) , 18-26.
[7] F. Kuzucuog˘lu, V.M. Levchuk, The automorphism group of certain radical
matrix rings, J. Algebra 243(2) (2001), 473-485.
[8] F. Kuzucuog˘lu, Jordan derivations on strictly triangular matrix rings, Algebra
Colloq. 18 (3) (2011) 519-522.
[9] F. Kuzucuog˘lu and U. Sayın, Derivations of some classes of matrix rings, J.
Algebra Appl. 16 (2) (2017), 1750027, 12 pp.
[10] V.M. Levchuk, O.V. Radchenko, Derivations of the locally nilpotent matrix
rings, J. Algebra Appl. 9 (5) (2010) 717-724.
[11] S. Ou, D. Wang, R. Yao, Derivations of the Lie algebra of strictly upper
triangular matrices over a commutative ring, Linear Algebra Appl. 424 (2-3)
(2007) 378-383.
[12] J. Zhang, Jordan derivations of nest algebras, Acta Math. Sinica 41 (1998),
205-212.
Department of Mathematics, Du¨zce University , 81620 Konuralp,Du¨zce,
Turkey
E-mail address : umutsayin@duzce.edu.tr
Department of Mathematics, Hacettepe University , 06800 Beytepe,Ankara,
Turkey
E-mail address : feridek@hacettepe.edu.tr
